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Supplementary Note 1

Here we show how Eq. (15) can be approximated using the Gaussian approximation. We
consider the decision rule in Eq. (12), but we approximate p, and p, (an likewise ¢, and ¢, )
as Gaussian probability (and cumulative) distributions, with means 4, = B, and 2 =S+5,
and variances, o, = B, and o, =S+ B. We note that in this case y is no longer restricted to

an integer because the Gaussian distribution is not discrete. Thus without considering
randomization for a moment, when the threshold y is to be used to do the classification (as is

the case in Eq. (6)), then one can write

P, =1—co<y>:1—<b[ﬂj, (S1)
Oy
and
P, =1-c1(y)=1—q>(ﬂj, (S2)
O-l

where ®(x) = O.Serfc(—x /2 ) is the standard normal cumulative distribution function. Thus,

it is possible to have arbitrary P. and P, without randomization, and so randomization is no
longer employed (i.e., we can set ¢ arbitrarily in Eq. (12)) [1,2]. Thus, we have that P and
P will be simily given by Egs. (S1) and (S2), and so we have that the maximum P, given a
P.is

PD(PF):I—(I{ﬂCDI(l—PFHM}. (S3)
0, g

The AUC is then computed as

1 = My S
AUC=[ dP, P,(F;) = CD[%J = Q(mj : (54

The integral can be solved using Feynman’s trick and results in the approximation in Eq. (16).

Supplemental Note 2

Here we show how the signal calculations in section 3.1 are performed. We assume that the
signal is determined by a diffraction limited focus, thus under the paraxial approximation we
have that [3]

exp(—2z/10,) (S5)

1 8(P(1))*
S, zEg(2)¢CT77O'2”0 %

and,

3.5(NA)(P@®))

P exp(-3z/¢,) (S6)

1
S, = Eg(3)¢CT770'3n0



where g =gp(") /(fr)""is the n® order temporal coherence and g;,”) is a numerical
parameter which is calculated based on the pulse shape. Here we have assumed that ¢,

(typically >100 pm) is much greater than the axial resolution of the microscope (typically <10

um).
Due to our constraint on saturation, the repetition rate is calculated as [3],

C1L{,0) 1 a(NAY
7 Ip 7 Ipiz

where ([,(¢)) is the time-average intensity at the focus, and / , 1s the peak intensity at the

f

(P(0))exp(=z/1,) (S7)

focus, which can be written in terms of the saturation parameter, «,,, as [3],
1/n
a
I, = {%] . (S8)
8, 0.7
Thus, putting everything together one finds that,
g 124 12 ( @) )”2
sat 2 P -z/4,
S, = §¢CT nn, W(P(t»e (89)
and
234 13 3\
3.5 sat 3 (gp ) —_z/0
S3 = ¥¢CT77;10 2_2/3 (NA)Z <P(t)>€ ‘. (SlO)

We note from Eqgs. (S9) and (S10), that small changes in «

sat

will not significantly affect

the results. Since «, is raised to the 1/2 and 2/3 for 2P and 3P excitation, respectively, the

1/6
sat

ratio of S, to S, is proportional to o, . Therefore, exact knowledge of «

sat

is inconsequential
for the comparison of 2P and 3P imaging quality performed in section 3.1 provided «_, is of
reasonable values for typical imaging experiments.
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Fig. S1. Relative error between the AUC computed with 100 and 200 terms (defined as
(AUC,yi55100 = AUC i 500) / AUC, . 50 ) is shown for the range of S and B in Fig. 1. The

differences are negligible.
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Fig. S2. (a) SBR as a function of depth used in Fig. 4. (b) Relative error between the AUC
computed with 2000 and 3000 terms (defined as (AUC,.; 5000 — AUCpi3000) / AUCpiiss 000 ) 18
shown for the range of S and B in Fig. 4. The differences are negligible. Note also that the 2P
and 3P lines are on top of each other.
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Fig. S3. (a) SBR as a function of depth used in Fig. 5. (b) Relative error between the AUC
computed with 2000 and 3000 terms (defined as (AUC,,;, 200 = AUChqi03000) / AUCpyi 3000 ) 18

shown for the range of S and B in Fig. 5. The differences are negligible. Note also that the 2P

and 3P lines are on top of each other.
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Fig. S4. Relative error between the z, computed with 2000 and 3000 terms (defined as

(Zey poiss. 2000 = Zeg poiss 3000) | Zeg paiss.z000 ) 18 sShown for the range of staining density in (a) Fig. 6a

and (b) Fig. 6b. The differences are negligible.
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